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Abstract
A proﬁt maximization inventory model for a diﬀerential item, units of which are not in perfect condi-
tions and are sold from two shops (primary and secondary shops) that are owned by a single management is
formulated with variable demand. Here, diﬀerential units (both perfect and defective) are received at the
primary shop with an inﬁnite rate of replenishment. At the primary shop, the perfect/good products whose
demand is a deterministic linear function of current stock level are sold and the defective units spotted at
the time of selling the good products from the lot are transferred continuously to the secondary shop for
sale at a reduced price and demand for these units is linearly proportional to the selling price only. In both
the shops, shortages are allowed and fully backlogged out of a diﬀerential lot which is sorted out into good
and defective units in ‘‘no-time’’ at the beginning of the subsequent schedule. For this model, there are three
scenarios depending upon the time of occurrence of shortages at the shops. The time of shortages at the
secondary shop occurs (i) exactly at the same time or (ii) before or (iii) after the time of shortages at the
primary shop. Again, in each scenario, there are three diﬀerent cases when the defective units spotted ‘‘in-
no-time’’ sorting at the beginning of subsequent schedule are (i) exactly equal to or (ii) less than or (iii)
greater than the actual backlogged units at the secondary shop. Thus, for each case under each scenario,
proﬁt is maximized and optimum order quantities are evaluated using the computer algorithm based on a
gradient method (generalised reduced gradient method). The models are illustrated with numerical
examples.
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1. Introduction
In the present age of advertisement, sale of a product depends upon the promotion of the
product in public life. This may be done in the form of advertisement in modern electronic/mass
media or by decorative and attractive display in the showroom. According to Levin et al. [1], ‘‘it is
a common belief that large piles of goods displayed in a supermarket will lead the customers to
buy more’’. Recent marketing research also recognizes this relationship. Now-a-days, even in
third world countries, to increase the sales, fashionable goods are glamorously displayed with the
help of modern light and electrical arrangements. For this reason, several authors––Gupta and
Vrat [2], Baker and Urban [3], Urban [4] and others presented some inventory models with stock-
dependent demand.
Moreover, in the present competitive market, the selling price of a product is one of the decisive
factors in selecting the item for use though there is a market for some fashionable goods
irrespective of their prices. In practice, higher selling price of a product negates the demand
whereas reasonable or low price has the reverse eﬀect. This argument is more appropriate for
defective goods whose demand is always price dependent. Whitin [5] ﬁrst presented an inventory
model considering the eﬀect of price dependent demand. Later, Kunreuther and Richard [6], Lee
and Rosenblatt [7], Abad [8], Mukherjee [9] and others presented inventory of joint pricing and
inventory planning. Recently, Kar et al. [10–12] have developed two-shop models for diﬀerential
(containing both good and defective)/deteriorating (utility changes with time) items having
variable demand at both the shops.
Normally, in the case of fruits, garments, etc. units are purchased in a lot and at the time of
selling the products, the damaged/defective ones are spotted, separated and transferred to other
places to be sold at reduced prices. Generally, for this type of items, good units do have a better
demand irrespective of their prices; rather their market depends upon how glamorously they are
displayed whereas the spoiled ones have a less market which depends on their prices. This realistic
phenomenon is very often observed in the developing countries, mainly in the SAARC countries
(like India, Pakistan, Bangladesh) where some people are very rich and others live below the
poverty line.
In this paper, an inventory model for a diﬀerential item, specially a highly fashionable item
comprising both good and damaged/defective products is formulated under the assumption that
the demand of the good units is stock dependent whereas the defective ones are having only price
dependent demand. The display of damaged/defective units does not bring a good name to the
product and for this reason, demand of defective units is not assumed to be stock-dependent.
Moreover, it is also assumed that at the beginning, a lot of diﬀerential units including good and
bad ones is received at the primary shop and only good products out of the diﬀerential units are
sold at this shop. During the sale at the primary shop, defective ones are spotted and separated to
be transferred to an adjacent shop called the secondary shop owned by the same management for
sale at a rate dependent on the current stock of the diﬀerential units. These defective units are sold
at reduced prices. Shortages are allowed and fully backlogged at both the shops. It is assumed that
at the beginning of the subsequent scheduling period, the required lot of diﬀerential units is
procured and from this, both good and damaged/defective units are separated in no-time which
are just enough to meet the shortages at both the shops. For this quick sorting, an extra amount of
expenditure is allowed.
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There are three scenarios for the present model:
(i) the demand of defective units is so high that the shortages of defective units occur earlier than
the shortages at the primary shop (cf. Fig. 2)
(ii) shortages at both the primary and the secondary shops occur at the same time (cf. Fig. 3) and
(iii) shortages for the defective units at the secondary shop occur after the occurrence of shortages
at the primary shop (cf. Fig. 4)
In each scenario, we have assumed that to meet the shortages an amount of diﬀerential units is
procured at the beginning of the subsequent scheduling period and from this, both good and
defective units are separated in no-time paying an extra price for sorting. Now, due to this, there
are three cases. As an attempt is made to meet the shortages of both good and defective units out
of specially ordered diﬀerential units, let us fulﬁll one side of these shortages rigidly, i.e., to meet
the shortages of good units, the required amount of diﬀerential units are purchased. In that case,
as diﬀerential units have been calculated on the basis of shortages of good units, shortages of good
units at the primary shop will be met exactly, but for the secondary shop, we have three cases for
the defective units available from the above mentioned process.
case-a: shortages of defective units are also exactly met,
case-b: shortages of defective units are more than the available amount. Here, we assume that the
rest amount of shortages is lost, i.e., shortages are partially backlogged and
case-c: shortages are less than the available defective units. Here, to have the logistic advantages,
we assume that the excess amount is sold immediately at a much reduced price and the
secondary shop starts from zero inventory at the beginning of the next scheduling period.
It is assumed that there is suﬃcient demand of these units at a much more reduced price.
For ﬁrst two assumptions, mathematical model formulation will be same as there is no penalty for
lost sale and for the third assumption, only revenue from excess defective units will be added to
the total cost.
All these cases have been dealt within the present paper and in each scenario, optimum ordered
quantities and maximum proﬁt are evaluated using a gradient based algorithm (generalised re-
duced gradient method). Results are illustrated numerically.
2. Notations and assumptions
To develop an inventory model of diﬀerential units with variable demands for primary and
secondary shops under a single management, the following notations are used.
2.1. Notations
c0 unit cost of the diﬀerential item
cs ‘‘in-no-time’’ sorting cost for shortage units only
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For ith ði ¼ 1; 2Þ shop,
hi holding cost per unit quantity per unit time
gi shortage cost per unit quantity per unit time
ui set-up cost per scheduling period
mi mark-up price with m1 > 1 and 0 < m2 < m1 (m2 is decision variable)
pi selling price per unit item and pi ¼ mic0
Si shortage level at the end of scheduling period
Qi optimum inventory level
qiðtÞ inventory level at any time t
NRi net revenue from ith shop
TCi total cost at the ith shop
(suﬃces i ¼ 1 and 2 represents the parameters related to the primary and the secondary shops
respectively).
In addition to above notations, following assumptions are also considered:
2.2. Assumptions for the primary shop
(i) Production is instantaneous without lead time.
(ii) Demand for good units is deterministic and function of current stock level given by
D1ðq1ðtÞÞ ¼ a1 þ b1q1ðtÞ
where a1, b1 are positive constants.
(iii) Defective unit at any time t is a fraction of on-hand inventory level and is equal to hq1ðtÞ,
where h is a constant and 0 < h < 1. These defective units are continuously transferred to
the secondary shop.
(iv) Shortages are allowed and these are fully backlogged. To meet the shortages for good units, it
is required to procure S diﬀerential units out of which good and defective units are ð1 hÞS
(¼ S1) and hS respectively.
(v) As shortages for good and defective units are met after sorting the diﬀerential units ‘‘in-no-
time’’, sorting cost for shortage units only is dependent on shortage quantity of diﬀerential
units and is given by
cS ¼ jSb
where j, b ð0 < b < 1Þ are positive constants. The continuous sorting cost of defective units
at the time of selling of good units at the primary shop is included in the set-up cost as this
job is done by the permanent employees of the management.
2.3. Assumptions for the secondary shop
(i) Secondary shop sells only the defective units which are received continuously from the primary
shop at a variable rate hq1ðtÞ until the stock of diﬀerential items is exhausted in the primary shop.
S2 units are also received at the beginning of the next scheduling period to meet the shortages.
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(ii) In this shop, demand D2 is dependent on the selling price, i.e., it is a function of mark-up
price m2, since p2 ¼ m2c0 and D2 ¼ a2  b2c0m2.
(iii) Shortages are allowed and fully backlogged.
3. Model description and analysis
3.1. Primary shop
The stock of diﬀerential units Q1 gradually declines mainly to meet up demand of good units
and the defective units, which are continuously transferred to the secondary shop upto t ¼ t1, and
stock level reaches zero at t ¼ t1. After t ¼ t1, shortages are allowed only for good units upto
t ¼ t1 þ t2. At t ¼ t1 þ t2, shortage level is S1 for good units and to meet this shortage, S units of
diﬀerential units are procured and sorted instantaneously. Details of the diﬀerential equations
governing the instantaneous state of inventory q1ðtÞ and their solutions are given in Appendix A
(see Fig. 1).
If Du be the total defective units during ð0; t1 þ t2Þ then
Du ¼
Z t1
0
hq1ðtÞdt þ hS ¼ ha ðQ1  a1t1Þ þ hS ð1Þ
where Q1 and S are given by (A.2) (cf. Appendix A). Therefore, total cost and net revenue for the
primary shop are given by
TC1 ¼ c0ðQ1 þ SÞ þ h1a ðQ1  a1t1Þ þ
g1
b1
fa1t2  ð1 hÞSg þ jSb þ u1 ð2Þ
NR1 ¼ m1c0 b1a Q1

þ ð1 hÞS þ 1
a
a1ht1

ð3Þ
Fig. 1. Instantaneous state of inventory for the primary shop.
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3.2. Secondary shop
As the defective units are spotted at the primary shop at the time of sale and then transferred to
the secondary shop, at t ¼ 0, the amount of inventory in this shop at the beginning of the schedule
is zero. It is assumed that initially the amount of defective units received from the primary shop is
more than suﬃcient to meet the demand of defective units, i.e. hq1ðtÞ > D2. So the inventory level
is raised at a variable rate hq1ðtÞ  D2 and after some time it will be zero, i.e., hq1ðtÞ ¼ D2 at t ¼ t3,
ð06 t36 t1Þ, (say). Hence, at t ¼ t3, the process of building up of inventory will be stopped and
stock attains its maximum level, Q2. Thus, one can get t3 from the relation hq1ðt3Þ ¼ D2 as (cf.
(A.1) in Appendix A).
t3 ¼ t1  1a log 1

þ aD2
a1h

ð4Þ
After t ¼ t3, the supply from the primary shop is short of the demand for defective units, i.e.,
hq1ðtÞ < D2 and then to fulﬁll the demand, stock decreases at the rate of D2  hq1ðtÞ units. After
some time, this stock reduces to zero. Thus three scenarios arise depending upon the instants at
which the stocks at the primary and the secondary shops are depleted completely. In each sce-
nario, total number of selling units at the secondary shop is equal to the number of defective units
that are transferred from the primary shop. But, the available defective units hS obtained out of
the diﬀerential stock S may be less than, equal to or greater than the actual shortages S2 in the
secondary shop. In these three cases, net revenue NR2 can be written as follows
NR2 ¼
m2c0 ha ðQ1  a1t1Þ þ hS
 
if hS6 S2
m2c0 ha ðQ1  a1t1Þ þ S2
 þ m02c0ðhS  S2Þ if hS > S2
(
ð5Þ
where, m02 ð0 < m02 	 m2Þ is the pre-determined markup price for the excess amount, as the excess
amount is sold immediately at a much reduced price and the secondary shop starts from zero
inventory at the beginning of the next scheduling period.
3.2.1. Scenario-1
When shortages at the secondary shop occurs earlier than the occurrence of shortages at the
primary shop.
Let, the stock Q2 becomes zero at t ¼ t3 þ t4, ðt36 t6 t1Þ and after that, shortages are allowed.
But, there will be some gradual decreasing supply of defective units from the primary shop upto
t ¼ t1 (say). So, during ðt3 þ t4; t1Þ shortages increase at the rate D2  hq1ðtÞ and attain shortage
level S02 at t ¼ t1. After t ¼ t1, supply from the primary shop totally stops and shortage increases
only due to demand upto t ¼ t1 þ t2 when the shortage level is S2. Details of the diﬀerential
equations are given in Appendix A (see Fig. 2).
Therefore, total cost TC2 for this scenario is given by
TC2 ¼ h2
2
2Y eat1
	
 ðaY þ D2Þ t3

þ t4  2a


ðt3 þ t4Þ
þ g2
2
½  2Y eat1 þ ðaY þ D2Þðt1 þ t3 þ t4Þðt1  t3  t4Þ
þ g2 Ya fe
aðt1t3t4Þ
	
 1g þ t2

ðaY þ D2Þt1  Y ðeat1  1Þ þ 1
2
D2t2


þ u2 ð6Þ
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where t3 and t4 are related by the equation
ðaY þ D2Þðt3 þ t4Þ  Y eat1f1 eaðt3þt4Þg ¼ 0 ð7Þ
Inventory level at t ¼ t3 and the shortage levels at t ¼ t1, t1 þ t2 are respectively given by
Q2 ¼ ðaY þ D2Þt3 þ Y eat1ð1 eat3Þ ¼ ðaY þ D2Þt4  Y eaðt1t3Þð1 eat4Þ ð8Þ
S02 ¼ ðaY þ D2Þt1  Y ðeat1  1Þ ð9Þ
S2 ¼ ðaY þ D2Þt1  Y ðeat1  1Þ þ D2t2 ð10Þ
The available defective units hS obtained out of the diﬀerential stock S may be less than, equal
to or greater than the actual shortages S2 in the secondary shop. In these three cases, the relations
between t1 and t2 can be written as follows:
case-1a: When S2 ¼ hS, then t1 and t2 are related by
aYt1 þ D2ðt1 þ t2Þ  h Q1a

þ S

¼ 0 ð11Þ
case-1b: When S2 > hS then t1, t2 and m2 satisfying the inequation
aYt1 þ D2ðt1 þ t2Þ  h Q1a

þ S

> 0 ð12Þ
case-1c: When S2 < hS then t1, t2 and m2 satisfying the inequation
aYt1 þ D2ðt1 þ t2Þ  h Q1a

þ S

< 0 ð13Þ
3.2.2. Scenario-2
Shortages at both the shops occur exactly at the same time:
In this scenario, stock is exhausted at t ¼ t1, and then shortages are allowed. As the shortages at
both the shops occur at the same time, to meet demand of defective units shortages increase at the
Fig. 2. Instantaneous state of inventory of scenario-1.
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rate D2 upto t ¼ t1 þ t2, when shortage level is S2 (see Fig. 3).Therefore, total cost for this scenario
is given by (cf. Appendix A)
TC2 ¼ h2
2
ðaY
	
þ D2Þ t1

þ 2
a

þ 2Y


t1 þ g2
2
D2t22 þ u2 ð14Þ
where t1 is obtained from the following equation
ðaY þ D2Þt1  Y ðeat1  1Þ ¼ 0 ð15Þ
Inventory level at t ¼ t3 and the shortage level at t ¼ t1 þ t2 are respectively given by
Q2 ¼ ðaY þ D2Þt3 þ Y eat1ð1 eat3Þ ¼ ðaY þ D2Þðt1  t3Þ þ Y f1 eaðt1t3Þg ð16Þ
S2 ¼ D2t2 ð17Þ
case-2a: When S2 ¼ hS, t2 is obtained from
D2t2  a1hb1ð1 hÞ ð1 e
b1t2Þ ¼ 0 ð18Þ
case-2b & 2c: When S2 > hS or S2 < hS then t2 and m2 satisfying the inequation
D2t2  a1hb1ð1 hÞ ð1 e
b1t2Þ > 0 ðor < 0Þ ð19Þ
One can get the above results directly from the scenario-1 by putting t3 þ t4 ¼ t1 and S 02 ¼ 0.
3.2.3. Scenario-3
Shortages at the secondary shop occur after the occurrence of shortages at the primary shop.
Here, the stock is not exhausted at t ¼ t1, though the supply of defective units stop at t ¼ t1. So,
the stock at that time decreases due to demand after t ¼ t1 and becomes zero at t ¼ t1 þ t5,
ðt1 < t < t1 þ t2Þ. Then shortages are allowed, i.e. the shortages at this shop increases at a rate D2
Fig. 3. Instantaneous state of inventory of scenario-2.
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upto t ¼ t1 þ t2 when shortage level is S2 (see Fig. 4). Therefore, total cost TC2 for this scenario
is given by (cf. Appendix A)
TC2 ¼ h2
2
aYt21
	
þ D2ðt1 þ t5Þ t1

þ t5  2a


þ g2
2
D2ðt2  t5Þ2 þ u2 ð20Þ
where t1 and t5 are related by the equation
D2ðt1 þ t5Þ þ aYt1 þ Y ð1 eat1Þ ¼ 0 ð21Þ
Inventory level at t ¼ t3 and the shortage level at t ¼ t1 þ t2 are respectively given by
Q2 ¼ ðaY þ D2Þt3 þ Y eat1ð1 eat3Þ ¼ D2t5 þ ðaY þ D2Þðt1  t3Þ þ Y f1 eaðt1t3Þg ð22Þ
S2 ¼ D2ðt2  t5Þ ð23Þ
case-3a: When S2 ¼ hS, t2 and t5 are related by
D2ðt2  t5Þ  hS ¼ 0 ð24Þ
case-3b & 3c: When S2 > hS or S2 < hS then t1, t2 and m2 satisfying the inequation
D2ðt2  t5Þ  hS > 0 ðor < 0Þ: ð25Þ
4. Proﬁt for the management
If p be the total average proﬁt out of proceeds from both the shops then
p ¼ 1
t1 þ t2
X2
i¼1
ðNRi  TCiÞ ð26Þ
where net revenue NR1 and the total cost TC1 for the primary shop are given by (3) and (2)
respectively. Also, for the secondary shop net revenue NR2 and the total cost TC2 for the diﬀerent
scenarios and cases are shown in (5), (6), (14) and (20). Thus nine diﬀerent problems may arise.
Hence, the objective is to maximize the total average proﬁt given by (26) with the appropriate
constraints for diﬀerent scenarios and cases.
Fig. 4. Instantaneous state of inventory of scenario-3.
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5. Solution procedure
5.1. Generalised reduced gradient (GRG) method
We have used GRG method [13] to ﬁnd the optimal solution of the problem mentioned earlier.
The GRG method is a method for solving problems with linear constraint only. Let us consider
the non-linear problem as:
Maximize f ðX Þ
subject to hjðX Þ6 0; j ¼ 1; 2; . . . ;m
‘kðX Þ ¼ 0; k ¼ 1; 2; . . . ; l
X ¼ ½x1; x2; . . . ; xnT
xloi 6 xi6 x
up
i ; i ¼ 1; 2; . . . ; n:
By adding a non-negative slack variable to each of the inequality constraints, the above problem
can be reduced to the form,
Maximize f ðX Þ
subject to hjðX Þ þ xnþj ¼ 0; j ¼ 1; 2; . . . ;m
‘kðX Þ ¼ 0; k ¼ 1; 2; . . . ; l
xloi 6 xi6 x
up
i ; i ¼ 1; 2; . . . ; n
xnþj P 0; j ¼ 1; 2; . . . ;m
with ðnþ mÞ variables ðx1; x2; . . . ; xn; xnþ1; . . . ; xnþmÞ. The problem can be rewritten in a general
form as:
Maximize f ðX Þ
subject to gjðX Þ ¼ 0; j ¼ 1; 2; . . . ;mþ l
X ¼ ½x1; x2; . . . ; xn; xnþ1; . . . ; xnþmT
xloi 6 xi6 x
up
i ; i ¼ 1; 2; . . . ; nþ m
where the lower and upper bounds on the slack variables, xi ði ¼ nþ 1; nþ 2; . . . . . . ; nþ mÞ are
taken as zero and a suﬃciently large number respectively.
This method is based on the idea of elimination of variables using the equality constraints.
Here, ðnþ mÞ design variables can be classiﬁed into two sets, the ﬁrst set is of ðn lÞ design or
independent variables and the other set is of ðmþ lÞ state or dependent variables and where the
design variables are completely independent and the state variables are dependent on the design
variables used to satisfy the constraints gjðX Þ6 0, j ¼ 1; 2; . . . ;mþ l. To determine the search
direction, GRG is calculated in terms of above two sets of variables. Geometrically, the reduced
gradient can be described as a projection of the original n-dimensional gradient into the ðn mÞ
dimensional feasible region described by the design variables.
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Now, to ﬁnd the local maximum of the objective along the search direction, any one of the one-
dimensional maximization procedures may be used. Here, we have used the quadratic interpo-
lation method for ﬁnding the optimal step length.
Now, GRG method is used to optimize the proﬁt functions given by (26) for diﬀerent scenarios
and cases subject to the appropriate constraints. To illustrate it explicitely, the problem of case-1b
of scenario-1 can be mathematically written as
Maximize pðt1; t2; t4;m2Þ
subject to ðaY þ D2Þðt3 þ t4Þ  Y eat1f1 eaðt3þt4Þg ¼ 0
aYt1 þ D2ðt1 þ t2Þ  h Q1a

þ S

> 0
Here, t1, t2, t4 and m2 are the decision variables and using their optimum values, the optimum
order quantity and shortage level at the primary shop and then corresponding quantities at the
secondary shop and the optimum selling price of the defective units are obtained.
6. Numerical examples
To illustrate the model, we consider c0 ¼ $1:1, h1 ¼ $1:5, g1 ¼ $2:0, u1 ¼ $70, h2 ¼ $1:2,
g2 ¼ $1:8, u2 ¼ $35, b1 ¼ 0:15, b2 ¼ 2:50, j ¼ 2, b ¼ 0:40, h ¼ 0:30. In additon to the above
Table 1
Diﬀerent parametric values for diﬀerent cases
Case-1a Case-1b Case-1c Case-2a Case-2b Case-2c Case-3a Case-3b Case-3c
a1 75 75 75 50 50 50 20 20 20
a2 32 35 34 30 32 25 20 20 18
m1 7.0 7.5 8.0 5.5 5.5 5.5 5.5 5.7 6.0
m02 0.12 0.40 0.40
Table 2
Optimum values for diﬀerent cases of scenario-1
Case p m2 Q

1 S

1 t

1 t

2 t

3 t

4
Case-1a 468.94 4.7705 105.387 28.003 1.0889 0.3842 0.3769 0.3996
Case-1b 536.05 5.5903 114.004 29.183 1.1582 0.4009 0.4224 0.4509
Case-1c 576.13 6.0591 127.300 31.528 1.2611 0.4342 0.5995 0.6587
Table 3
Optimum values for diﬀerent cases of scenario-2
Case p m2 Q

1 S

1 t

1 t

2 t

3
Case-2a 200.76 3.5444 158.019 51.284 1.9659 0.7597 0.9110
Case-2b 209.86 4.1751 160.352 39.868 1.9851 0.5829 0.9192
Case-2c 197.80 4.8269 86.414 39.901 1.2785 0.5834 0.6087
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values we also consider the following parametric values shown in Table 1. The optimum values for
the diﬀerent scenarios are shown in Tables 2–4.
7. Conclusion
A realistic problem for a retailer, i.e. purchase of diﬀerential units (both good and defective
ones) in a lot and selling those from two shops under a single management has been considered
here. These results are applicable for the products like shoe, ready-made garments, fruits, etc. and
this phenomenon is generally observed frequently in developing countries. The present method-
ology can be easily extended to the items deteriorating with time and to the perishable items like
medicine etc. Though the crisp inventory problems have been formulated and solved here the said
models can also be formulated in probabilistic, fuzzy and fuzzy-stochastic environments and
solved using appropriate techniques. Moreover, consideration of a ﬁxed time horizon inventory
model of this type will be a more realistic one. All these may be the topics of future research.
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Appendix A. Primary shop
The diﬀerential equations describing the inventory level q1ðtÞ in 06 t6 t1 þ t2 is given by (cf.
Fig. 1)
dq1ðtÞ
dt
¼ hq1ðtÞ  D1ðq1ðtÞÞ; 06 t6 t1D1ðq1ðtÞÞ; t16 t6 t1 þ t2

with the boundary conditions, q1ðtÞ ¼ Q1, 0 and S1 at t ¼ 0, t1 and t1 þ t2 respectively.
Therefore, taking D1ðq1ðtÞÞ ¼ a1 þ b1q1ðtÞ, the solutions of the above equations are
q1ðtÞ ¼
a1
a ½eaðt1tÞ  1; 06 t6 t1
a1
b1
½eb1ðt1tÞ  1; t16 t6 t1 þ t2

ðA:1Þ
where a ¼ b1 þ h.
Table 4
Optimum values for diﬀerent cases of scenario-3
Case p m2 Q

1 S

1 t

1 t

2 t

3 t

5
Case-3a 63.63 4.2248 67.312 25.435 2.0491 0.9555 0.9652 0.0452
Case-3b 68.59 4.1997 68.113 24.972 2.0646 0.9368 0.9740 0.0504
Case-3c 69.36 3.5668 64.734 24.449 1.9992 0.9158 0.9329 0.0204
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Hence,
TC1 ¼ Purchasing costþHolding costþ Shortage costþ Sorting costþ Set up cost
¼ c0ðQ1 þ SÞ þ h1
Z t1
0
q1ðtÞdt þ g1
Z t1þt2
t1
q1ðtÞdt þ jSb þ u1
where
Q1 ¼ q1ð0Þ ¼ a1a ðe
at1  1Þ ðA:2Þ
S1 ¼ q1ðt1 þ t2Þ ¼ a1b1 ð1 e
b1t2Þ
and
S ¼ S1
1 h
A.1. Scenario-1
The diﬀerential equations governing the instantaneous state of inventory q2ðtÞ are (cf. Fig. 2)
dq2ðtÞ
dt
¼
hq1ðtÞ  D2; 06 t6 t3
hq1ðtÞ  D2; t36 t6 t3 þ t4
hq1ðtÞ  D2; t3 þ t46 t6 t1
D2; t16 t6 t1 þ t2
8><
>: ðA:3Þ
with the boundary conditions,
q2ðtÞ ¼
0; at t ¼ 0 and t ¼ t3 þ t4
Q2; at t ¼ t3
S 02 and  S2; at t ¼ t1 and t ¼ t1 þ t2 respectively
8<
:
Therefore, the solution of (A.3) is
q2ðtÞ ¼
faY þ D2gt þ Y eat1ð1 eatÞ; 06 t6 t3
faY þ D2gðt3 þ t4  tÞ  Y eat1feat  eaðt3þt4Þg; t36 t6 t3 þ t4
faY þ D2gðt  t3  t4Þ  Y eat1feat  eaðt3þt4Þg; t3 þ t46 t6 t1
S2 þ D2ðt1 þ t2  tÞ; t16 t6 t1 þ t2
8><
>:
Since q2ðtÞ is continuous at t ¼ t3, one can get an equation related by t3 and t4 as follows
ðaY þ D2Þðt3 þ t4Þ  Y eat1f1 eaðt3þt4Þg ¼ 0
where Y ¼ a1h=a2.
In this scenario total cost is
TC2 ¼ h1
Z t3
0
q2ðtÞdt

þ
Z t3þt4
t3
q2ðtÞdt

þ g1
Z t1
t3þt4

 q2ðtÞdt þ
Z t1þt2
t1
 q2ðtÞdt

þ u2
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A.2. Scenario-2
The diﬀerential equations governing the instantaneous state of inventory q2ðtÞ are given by
dq2ðtÞ
dt
¼
hq1ðtÞ  D2; 06 t6 t3
hq1ðtÞ  D2; t36 t6 t1
D2; t16 t6 t1 þ t2
8<
: ðA:4Þ
with the boundary conditions,
q2ðtÞ ¼ 0; at t ¼ 0 and t ¼ t1Q2 and  S2; at t ¼ t3 and t ¼ t1 þ t2 respectively

Therefore, the solutions of (A.4) are
q2ðtÞ ¼
faY þ D2gt þ Y eat1ð1 eatÞ; 06 t6 t3
faY þ D2gðt1  tÞ þ Y f1 eaðt1tÞg; t36 t6 t1
D2ðt  t1Þ; t16 t6 t1 þ t2
8<
:
Since q2ðtÞ is continuous at t ¼ t3, one can get t1 from the following equation
ðaY þ D2Þt1  Y ðeat1  1Þ ¼ 0
Here,
TC2 ¼ h1
Z t3
0
q2ðtÞdt

þ
Z t1
t3
q2ðtÞdt

þ g1
Z t1þt2
t1
q2ðtÞdt þ u2
A.3. Scenario-3
The diﬀerential equations governing the instantaneous state of inventory q2ðtÞ are (cf. Fig. 4)
dq2ðtÞ
dt
¼
hq1ðtÞ  D2; 06 t6 t3
hq1ðtÞ  D2; t36 t6 t1
D2; t16 t6 t1 þ t5
D2; t1 þ t56 t6 t1 þ t2
8><
>: ðA:5Þ
with the boundary conditions,
q2ðtÞ ¼ 0; at t ¼ 0 and t ¼ t1 þ t5Q2;Q02 and  S2; at t ¼ t3; t ¼ t1 and t ¼ t1 þ t2 respectively

Therefore, the solutions of (A.5) are
q2ðtÞ ¼
faY þ D2gt þ Y eat1ð1 eatÞeat1 ; 06 t6 t3
Q02 þ faY þ D2gðt1  tÞ þ Y f1 eaðt1tÞg; t36 t6 t1
D2ðt1 þ t5  tÞ; t1  t  t1 þ t5
D2ðt  t1  t5Þ; t1 þ t56 t6 t1 þ t2
8><
>:
where Q02 ¼ D2t5.
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Using the continuity of q2ðtÞ at t ¼ t3, one can get a relation between t1 and t5 as follows
D2ðt1 þ t5Þ þ aYt1 þ Y ð1 eat1Þ ¼ 0
Here,
TC2 ¼ h1
Z t3
0
q2ðtÞdt

þ
Z t1
t3
q2ðtÞdt þ
Z t1þt5
t1
q2ðtÞdt

þ g1
Z t1þt2
t1þt5
q2ðtÞdt þ u2
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